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Abstract 

A correspondence between type IIB string theory with N D7-branes on R 1,3 x |j- x ^- x 3L 

and pure N = 1 SU(N) gauge theory in four dimensions is proposed and argued. First the 

supergravity background of unwrapped and flat D7-branes with running axion and dilaton 

on R 1 ' 7 x y~ is studied together with the corresponding J\f = 1 SU(N) gauge theory in eight 

dimensions. The D7-branes are then wrapped over a 4-cycle on ^- x ^- which turns on all 

Fi, F 3 , H 3 , and F 5 fluxes of type IIB theory and induces torsion. The supergravity solutions 

>- are explicitly constructed with exact analytic expressions for all components of the metric 

^ and the fluxes. The background geometry of the four-dimensional gauge theory is compact 

and conformally Calabi-Yau. The internal space normal to the wrapped D7-branes at the 

' infrared boundary is S 1 whose radius is set by the nonperturbative scale of the gauge theory 

and spacetime is R 1 ' 3 at the ultraviolet boundary. The gauge coupling of the four-dimensional 

^h gauge theory is related to the gauge coupling of the eight-dimensional gauge theory and the 

£> volume of the 4-cycle. The gravity theory reproduces the renormalization group flow and 

•i-H 

S^ the pattern of chiral symmetry breaking of the gauge theory and leads to confinement. The 

curvature is small and nearly constant and the supergravity flow is smooth in the infrared 
region where the gauge theory is strongly coupled and a dual gravity description is useful. 
String loop corrections are small for large N. The scale of string tension in four dimensions 
is of the same order as the scale of Kaluza-Klein masses. 
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1 Introduction 

There has been interest in constructing a gravity dual to pure M = 1 supersymmetric SU(N) 
gauge theory since the finding of the AdS/CFT correspondence [H EJ [3]. See [I] and [5] for 
two foundational works. A gravity dual to pure H — 1 SU(N) gauge theory is desirable for 
several reasons. Af = 1 SU(N) gauge theory exhibits gauge coupling running, confinement, 
and chiral supersymmetry breaking and could serve as a laboratory to gain new insight 
into the theory of quantum chromodynamics (QCD) of the strong nuclear interactions. A 
crucial feature of QCD is asymptotic freedom [61 [7] whereby the renormalization group flow 
of the gauge coupling gives rise to confinement and chiral symmetry breaking. QCD becomes 
highly nonperturbative at low-energies. The gauge/gravity duality relates a gauge theory in 



strongly coupled nonperturbative region to a gravity theory in weakly coupled perturbative 
region, and it provides the possibility for a calculable classical gravity description to low- 
energy QCD. Furthermore, there is a possibility that M = 1 supersymmetry may be part of 
nature at energies accessible in the current generation of experiments at the Large Hadron 
Collider and a gravity description would be useful for studying nonperturbative phenomena 
such as mass spectra in the gauge theory. The first observation that QCD might in some 
limit be dual to a worldsheet theory of strings was made in [HJ. An additional ingredient 
which facilitated the development of the gauge/gravity duality was understanding the role 
of D-branes in string theory [D] . 

The first concrete example of gauge/gravity duality was found in pQ and it related Af = 4 
SU(N) conformal field theory that lives on a stack of N parallel D3-branes to type IIB 
string theory on AdS§ x S 5 . In jl], type IIB string theory with iV D3- and M D5-branes on 
AdS 5 x T 1,1 was found to correspond to J\f = 1 SU(N + M) x SU(N) gauge theory with 
bifundamental matter fields and a quartic superpotential with the gravity theory near the 
infrared (IR) boundary corresponding to SU(2M) x SU(M) gauge theory with meson and 
baryon fields [101 [TT] rather than to pure confining SU(M) gauge theory as it was originally 
hoped. In [5], type IIB string theory with N D5-branes on R 1 ' 3 x R 1 x S 2 x S 3 was found 
to reproduce the pattern of chiral symmetry breaking of pure M = 1 SU(N) gauge theory 
but not its renormalization group flow. In both [4] and [5], the geometry is smooth but 
noncompact with the size of the internal space increasing in the ultraviolet (UV) and the 
scale of string tension in four dimensions (4D) is much bigger than the scale of Kaluza-Klein 
(KK) and glueball masses. 

A correspondence between type IIB string theory with iV D7-branes on R 1 ' 3 x |j- x ^- x ^~ 
and pure M = 1 SU(N) gauge theory in 4D is proposed and argued in this paper. The gravity 
theory reproduces the renormalization group flow of the gauge theory, matches the pattern of 
chiral symmetry breaking, and leads to confinement. The background geometry is compact 
and the internal space normal to the D7-branes is S 1 at the IR boundary and spacetime is 
R 1 ' 3 at the UV boundary, consistent with the symmetries of the gauge theory and the radius 
of S 1 is set by the nonperturbative scale of the gauge theory. The supergravity flow is smooth 
and the curvature of the compact space is smallest in the IR region where the gauge theory 
is strongly coupled and a dual gravity description is useful. The 4D UV boundary provides 
a setting for putting quarks and antiquarks and could also serve as an ultraviolet cutoff 
to the gravity theory beyond which perturbative gauge theory description is appropriate. 
String loop corrections are small for large N. The classical supergravity approximation of 
the string theory accommodates a range of physically interesting values of 't Hooft coupling; 
the magnitude of the 't Hooft coupling varies from its largest value in the IR to its smallest 



value in the UV. The scale of string tension in 4D is of the same order as KK and glueball 
masses, which is useful for exploring mass spectra of glueballs and hadrons. The D7-branes 
do not disappear and serve as sources of color charge where open strings could end and quarks 
and antiquarks get bound into hadrons in the supergravity background. The compact extra 
dimensional space also allows to obtain finite Newton's gravitational constant in 4D and the 
geometry does not need to be glued to a larger background. 

The organization of the paper is as follows. A brief summary of basic features of pure 
Af = 1 SU(N) gauge theory in 4D that are relevant to our discussion is given before moving 
to the construction of the gravity theory. 

We note that D7-branes provide a suitable setting which accommodates the symmetries 
of the gauge theory. In particular, D7-branes in type IIB theory have codimension two which 
we organize such that one of these dimensions is a radial coordinate that will be mapped 
to the scale of the gauge theory and the other is angular coordinate that will be mapped to 
the Yang-Mills angle in the gauge theory. Therefore, we focus on D7-branes and the iq flux 
they source as a crucial starting point and seek a background with appropriate 4-cycle for 
wrapping the D7-branes. 

The eight-dimensional (8D) Af = I SU(N) gauge theory that lives on unwrapped and flat 
N D7-branes on R 1,7 x |l- background is studied first. The unwrapped D7-branes source the 
axion potential and induce a running dilaton. The internal space normal to the D7-branes 
is warped with singularity in the infrared and the background of the 8D gauge theory is 
noncompact. 

The R 1 ' 3 x y~ x ^- x ^- geometry supports Af = 1 supersymmetry in 4D and a metric 
ansatz is written down. The stack of D7-branes are wrapped over a 4-cycle on ^- x ^L at 
the singularity point of the background geometry of the 8D gauge theory while filling flat 
4D spacetime R 1,3 . The D7-branes source the axion potential and the corresponding iq 
flux. The backreaction of the background geometry to the iq flux induces a B2 potential, 
and thereby i/3 flux. The wrapped D7-branes filling each ^- inside ^- x ^- are fractional 
D5-branes which, with iq and i/3, induce F3 flux. The D7-branes wrapping -§- x ^|- are also 
fractional D3-branes which, with ii3 and F$, induce F5 flux. Thus the D7-branes provide a 
setting in which all fluxes of type IIB theory are induced. 

With the fluxes turned on, the background backreacts and develops torsion. The back- 
ground has SU(3) structures and Af = 1 supersymmetry in 4D is preserved by a balance 
between the flux and the torsion components. The metric and all components of the fluxes 
are explicitly constructed using the equations of motion we wrote in [12] which facilitate sys- 
tematically studying type IIB flows with A/" = 1 supersymmetry together with the bosonic 
supergravity equations of motion. The equations in [12J were generalizations of those ob- 



tained in [13] and [H] using SU(3) structures. The supergravity flow is smooth in the IR 
and the extra dimensional space is compact and conformally Calabi-Yau with singularity at 
the UV boundary. The dilaton turns out to be constant now in the background of the 4D 
gauge theory. The orbifold singularities on |j- x ^- x ^- are smoothed out by fluxes. The 
metric does not involve AdS§ space, since it is related to a gauge theory that is far from 
conformal. 

It is then shown that the solutions to the supersymmetry equations of motion with the 
Bianchi identities imposed on them solve each and every one of all the bosonic supergravity 
equations of motion. 

The gauge coupling of the 4D gauge theory with the D7-branes wrapped over the 4-cycle 
is obtained in terms of the gauge coupling of the 8D gauge theory on the unwrapped D7- 
branes and the volume of the 4-cycle. The gauge coupling of the 4D gauge coupling runs by 
inheriting the running dilaton from the background of the 8D gauge theory of unwrapped 
D7-branes. We exploit the simplicity of the two directions normal to the D7-branes in 10D 
to map one to the scale and the other to the Yang-Mills angle of the 4D gauge theory. The 
gravity theory reproduces the exact renormalization group flow of the 4D gauge theory. The 
range of the radial direction on R 1 in ^- ~ R 1 x S 1 gets smaller for larger 't Hooft coupling 
at the UV boundary, consistent with the strength of gauge coupling running in the gauge 
theory. 

The magnitudes of the string and the 't Hooft couplings and the curvature of the in- 
ternal space are then analyzed. One common issue in previous examples of gauge/gravity 
construction is that the string tension measured by a 4D observer increases while KK and 
glueball masses decrease with increasing 't Hooft coupling. Consequently, the scale of KK 
masses is much smaller than the scale of string tension for large 't Hooft coupling. The scale 
of KK masses and the scale of string tension are of the same order in our construction. The 
scale of string tension and the size of the transverse space at the IR boundary in the gravity 
theory are set by the nonperturbative scale of the gauge theory. 

The axion potential breaks the U(l) symmetry to Zin which is further broken down to 
Z2 by the symmetries of the background giving rise to N discrete vacua in the IR, matching 
the pattern of chiral symmetry breaking in the gauge theory. 

2 Gauge theory 

Let us make a brief summary of some basic features of pure M = 1 SU(N) gauge theory in 
4D that are relevant to our discussion. The matter content is a gauge boson and its fermionic 
superpartner, a gaugino, both transforming in the adjoint representation. The gauge theory 




Figure 1: Gauge coupling running. 
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where g± is the Yang-Mills coupling and is the 



has a coupling coefficient r 
Yang-Mills angle. 

At the classical level, the theory has global U(l) R-symmetry under which the gaugino 
field X a transforms as A a — » e tc X a , c 6 R which is equivalent to shifting the Yang-Mills 
angle — y + 2Nc and the U(l) symmetry is anomalous in the quantum theory. Because 
~ + 2irk, the quantum theory has a reduced anomaly-free discrete Z 2 n symmetry. 
Gaugino condensation, which results in (tr \ a \ a ) ^ 0, breaks the Z 2 n symmetry down to Z 2 
giving A^ number of discrete vacua. 

The low-energy IR dynamic of the theory at the scale A is described by the Veneziano- 
Yankielowicz superpotential 



W VY = NS-NS\og\ 
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S = -^- 2 TrW«W a , 



(2.1) 



where S is the glueball superfield defined in terms of the gauge chiral superfield W a containing 
the gauge and the gaugino fields. Extremizing the superpotential Wyy with S gives the 
vacuum expectation values of the glueball superfield corresponding to the A^ vacua, 



(S)=A 3 e", k 



l,2,---,iV. 



(2.2) 



Quantum corrections to the renormalization group flow of the holomorphic coupling 



coefficient are exhausted at one loop and with the exact /3 function we write 
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where we take A s to be the nonperturbative scale of the theory at which the gauge coupling 
formally diverges. The running of the gauge coupling is shown in Figure [TJ The value of 
^— = 1 at 3 ln(x^) = 27T. For 3 ln(^-) > 2n the gauge theory has perturbative description. 
Our interest is in a gravity description in the region where ^- » 1 and the gauge theory 
is highly nonperturbative. We call the corresponding range of energy scales where the gauge 
theory is highly nonperturbative low-energy 

3 Unwrapped D7-branes 

Before we start wrapping the D7-branes to construct a 4D gauge theory, we need to look 
at the 8D gauge theory that lives on unwrapped and flat iV D7-branes. Consider a stack of 
N parallel D7-branes which fill flat 8D spacetime R 1,7 on R 1 ' 7 x |j- background. Preserving 
M = 1 supersymmetry in the 8D theory requires that the internal two-dimensional space be 
complex. Noting that |r- ~ R 1 x S 1 , the complex coordinate on C 1 is defined in terms of a 
radial variable r on R 1 and an angular coordinate ip on S 1 as z 1 = (— ) 3 e*^ = e p+l ^, where 

p = 3ln(-) (3.1) 

and r s is a constant with dimension of length. The coordinate on S 1 is parameterized by 
ip £ [0, 271"]. The Z2 symmetry transforms z 1 — > — z 1 and imposes the relation ip ~ ip + ir and 
the orbifold has one fixed point at r = 0. The D7-branes are located at the singularity. We 
have introduced p and the dimensionful parameter r s because, as we see in the supergravity 
solutions below, there is a logarithmic flow along R 1 with S 1 warped to zero-size at r = r s and 
the radial supergravity flow is constrained to r > r s or p > 0. The physical interpretation 
of r s will be discussed later in this and the following sections. 

Because the dilaton runs in the background of the 8D gauge theory, we find the Einstein 
frame, in which the gauge coupling is dilaton dependent while the gravitational constant is 
fixed, convenient. We will use the string frame when studying the background of the 4D 
gauge theory with all fluxes turned on in the remaining sections, since the dilaton appears in 
the same form in all the R-R flux terms in the supersymmetry transformations in the string 
frame which we find more convenient. The dilaton will in the end turn out to be constant 



in the background of the 4D gauge theory and the final expressions in the 4D gauge theory 
background can be interpreted as quantities in the same Einstein frame as in the 8D gauge 
theory background. 

We take the metric ansatz with flat 8D spacetime as 

ds 2 w = dxl 7 + r 2 s e 2H {dp 2 + # 2 ), (3.2) 

where H = H(p) and dx\ 7 is the metric on flat R 1 ' 7 . The D7-branes at r = produce axion 
potential Co and the corresponding F\ flux, 

iV N 

C = — V, F 1 = dC = —dip, (3.3) 

111 Z7T 

where the F\ flux is normalized as J Q F\ = N. 

Type IIB theory has two Majorana-Weyl spinors of the same chirality with a total of 32 
supercharges. The unwrapped D7-branes reduce the number of preserved supercharges by 
half. In order for the background with the flux turned on to preserve M = 1 supersymmetry, 
the axion-dilaton coupling r = Co + i e~* needs to be a holomorphic or anti-holomorphic 
function of the complex coordinate on the normal space R 1 x S 1 . Thus the F\ flux on the 
above background metric induces the dilaton. The supergravity equations in the bosonic 
sector in Einstein frame reduce to 

^ d M (V^GG MN d N $) = e 2 *Fl 
Rain = § d M $d N $ + ±e 2<s> d M C d N C , (3.4) 

and we take the ansatz $ = $(p) which accommodates a holomorphic or anti-holomorphic 
axion-dilaton coupling for the Co(ip) we have here. The components of the equations given 



by (3.4) are f| = e 2 * (£) 2 and \{ff = -ff . The solutions are 



e-* = ^P, e 2H = p, (3.5) 

where we have set e^^ -* = 0. Notice that p = is a singularity point with S 1 warped to 
zero-size, and the physical region for the radial supergravity flow is p > 0. The axion-dilaton 
coupling is r = j- (ip + i p) , which is anti-holomorphic in our notation. 

We can check that the energy from the curvature of the metric cancels out that from the 
axion and the dilaton fields in the supergravity action. In particular, R = (<9$) 2 = e 2 *F 2 = 



r~ 2 p~ 3 and the 10D action which is now proportional to J d w x \J—G(R — ^(<9$) 2 — |e 2 *_F 2 ) 
vanishes. 

The Yang-Mills coupling of the 8D gauge theory that lives on the D7-branes is then given 
by g 8 such that 

gl = 2(2.) V 2 e* = ^f~- (3-6) 

The 't Hooft coupling g%N is large and the gauge theory is strongly coupled in the IR 
region near p = 0. The string coupling e* can be made small in all the region p > for 
appropriately large N. The curvature is large in the region near the IR boundary. See section 



11 for discussion on a' and string loop corrections. 

Thus r = r s or p = is the location on R 1 where the dilaton and the 8D gauge coupling 
diverge, S 1 is warped to zero-size, and the geometry is singular. After the D7-branes are put 
at the fixed point r = of |j-, the physical region of the warped supergravity background 
on R 1 where the metric is positive definite and the dilaton is real is r > r s or p > 0. 



4 Metric ansatz 

We seek a metric with appropriate 4-cycle inside the extra six-dimensional (6D) space Y of 
a 10D spacetime of the form R 1 ' 3 x Y, where Y contains |- ~ R 1 x S 1 , for wrapping the 
D7-branes over at the singular point p = on R 1 of the background geometry of the 8D 
gauge theory such that the supersymmetry will be M = 1 in 4D. This requires that Y be 
complex. 

Consider the orbifold Y — |j- x ^- x ^-. The complex coordinate on C 1 is denoted 
by the same variable z 1 . Let us denote the complex coordinates on the two T 2 's by z 2 
and z 3 . The three Z 2 transformations are generated by the operators g± : (2 , z 2 , z 3 ) — > 
(—z l , z 2 , z 3 ), g 2 : (z 1 , z 2 , z 3 ) — > (z 1 , —z 2 , z 3 ), and g 3 : (z 1 , z 2 , z 3 ) — > (z 1 , z 2 , —z 3 ). Let us 
decompose the two 16-component Majorana-Weyl spinor parameters of the same chirality 
for the supersymmetry transformations of type IIB theory in 10D, denoted by e 1 and e 2 , as 
e 1 = C+ ® V+ + C- ® V- an d e 2 = C+ ® V+ + C~ ® V-'i C± an d C± are 2-component positive 
and negative chirality Weyl spinors on R ' such that (J = £ + ' and 7]± are 4-component 
positive and negative chirality Weyl spinors on Y such that r^_ = i] + *. We choose the three 
Cartan generators of the Clifford algebra on Y to be ones which correspond to rotations on 
each factor of Y with complex coordinates z 1 , z 2 , and z 3 . The eigenvalues of the Cartan 
generators are (±|, ±| ± |). Only the spinor 77 ,1 , 1 , 1 is invariant under Z 2 x Z 2 x Z 2 and 
the R 1 ' 3 x y~ x y~ x ^- background supports A/" = 1 supersymmetry in 4D. 

The radial coordinate on R 1 in |j- ~ R 1 x S 1 is now parameterized by a dimensionless 

9 



variable t such that t — corresponds to p = or r = r s . The range of £ and its relation to 
p or r will be determined later when the supergravity solutions are established. The angular 
coordinate on S 1 is denoted by the same variable ip. The two angular coordinates on one of 
the T 2 's are denoted by ipi and <f 2 and on the other by ^3 and y9 4 . The ansatz for the 10D 
metric is 

ds 2 10 = e 2A dx\z + r 2 e 2T dt 2 + r 2 e 2P dip 2 + r 2 e 2Q (d<p 2 + d<p 2 2 + dy\ + d<pl) . (4.1) 

The 4D spacetime R, 1 ' 3 is flat with coordinates denoted by x M , /x = 0, 1, 2, 3, and the metric 
denoted by dx 2 3 . The angular coordinates ip, </?i, </?2, ^3; an d V?4 are a U defined to have the 
same range [0, 2ir]. The variables A, T, P, and Q are all functions of t. The D7-branes will 
be wrapped over ^- x ^- at r = r s , the singularity point of the background of the 8D gauge 
theory. The value of ip on S 1 where the D7-branes are wrapped is related to chiral symmetry 



breaking which will be discussed in section 13 



We introduce the following complex basis with holomorphic/anti-holomorphic indices 
which we use in studying the supersymmetry constraints, 

Z l = r s (e T dt + ie p dip) , Z 1 = r s (e T dt-ie p dip) , 

Z 2 = r s e Q (d(p 1 + id(p 2 ) , Z 2 = r s e Q (dipi - i dcp 2 ) , 

Z 3 = r s e Q (d(p 3 + i dip 4 ) , Z 3 = r s e Q (d(p 3 - i dip*) ■ (4.2) 

The complex and the Kahler structures are described in terms of the following Kahler 2-form 
J and holomorphic 3-form Q, 

J = *-5 fk Z j AZ h , il = Z 1 AZ 2 AZ 3 . (4.3) 

5 Supersymmetry equations of motion 

Wrapping the D7-branes over -|- x %- at t = turns on fluxes and the background geometry 
backreacts and develops torsion. In order to preserve M = 1 supersymmetry in 4D, the two 
positive chirality Weyl spinors £+ and ^ in 4D that we discussed in section Hare taken to be 
proportional to each other. Because the 4D spacetime is flat, we can write (\_ = |(a + /9)C+ 
and C^ = Yi( a ~ P)C+-> where a and (3 are complex parameters which depend only on the 
coordinates on Y . With these, the spinor decompositions is rewritten as e 1 = C+^^+C-® 7 ?- 
and e 2 = ( + <g> rf + + C- ® V-j where rj\ = |(a + /3)r) + and r)\ — ^.(a — (3)i] + . We use SU(3) 
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structures such that r)+ = r) + i + i + i is the globally invariant SU(3) singlet spinor on Y. The 
constraint leads to a set of relations among the components of the torsion, the fluxes, and 
the spinor parameters organized in SU(3) representations. See [TSJ [13], [H] for details and 
for more on our notation. 

The metric on the 10D spacetime is written as ds 2 = e 2A dx 2 3 + dsf, where A here is 
generally a function of the coordinates on the extra 6D space and the metric on the extra 
space is expressed in terms of complex 1-forms with holomorphic/antiholomorphic indices as 
ds\ = 8qZ % ZK The torsion components come in the variations of the fundamental 2-form, 
dJ = -flm (Wi 1] n) + (Wf ] + Wf ] ) A J + (W 3 (6) + Wp) and the holomorphic 3-form, 
dil = W[ J 2 + W2 A J + W 5 A £1. The superscripts denote the SU(3) representations. 
The string coupling is written in terms of the dilaton as e*. The components of the 3- 
form fluxes come in H 3 = -|lm(^ 1) n) + (# 3 (3) + Hp) A J + (# 3 (6) + H®) and F 3 = 
-|lm(F 3 (1) n) + (F 3 (3) + F 3 (3) ) A J + (F 3 (6) + H^). The self-dual 5-form flux is written as 
F 5 = (1 + * 10 )F 5 with F 5 = (F 5 (3) + F 5 (3) ) A J A J. The 1-form flux is decomposed as 
F 1 =F 1 (3) + F 1 (3) . 

The complete set of equations which describe the balance among the components of the 
fluxes, the dilaton, the warp factor and the torsion in terms of the complex parameters a 
and /3 such that M = 1 supersymmetry is preserved in 4D are summarized below. 

W[ l) = 0, W 2 {8) = 0, F 3 (1) = 0, H^ = 0, 
(a 2 - (5 2 )W^ = 2«/3e*F 3 (6) , {a 2 + (3 2 )W^ = -2a(5 * 6 H®, 

*(if } + ^f?) = - JS^e, e *{ F f } + i*f ) = iBl <), 

H? = -J^ln(f), 8* + ig$e*F?> = Spln(f), 
dA + iS^e^F® = -^ain(f), A = \n(\a\ 2 + |/3| 2 ), 



e 



2a 2 +/3 2 ° - 1 1 2(a 2 + / 3 2 )' 



wf = £±£5ln(f), Wp = - 3 -^fB\na + ^fBlnp. (5.1) 



6 Metric and flux components 

Now we start finding the metric and the flux components for the background with wrapped 
D7-branes using the metric ansatz written in section [4] and the supersymmetry equations of 
motion summarized in section [5J The torsion components W\, W2, and W 3 vanish for the 



metric given by (4.1) and 

Wi = 2Q' dt, W 5 = (2Q' + P') dt, (6.1) 
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where a prime denotes differentiation with respect to t. For the spinor parameters a and ft 
we use the ansatz 



In 



u + i 



TV 



(6.2) 



where a, ft, and u are all functions of t. 

The wrapped D7-branes at t — produce the same axion potential Cq and iq given by 
3.3 with the iq flux normalized as L iq = N. The iq flux on the background metric 
given by (4.1) induces a B 2 potential and the corresponding H3 = dB 2 flux. Moreover, the 
D7-branes wrapping T 2 's inside Y are fractional D5-branes, which with the iq and the H 3 
fluxes, induce F 3 flux. The D7-branes wrapping -§- x -§- are fractional D3-branes, which 
with the F 3 and the H 3 fluxes, induce F 5 flux. Thus all iq, F 3 , H 3 , and F 5 fluxes of type 
IIB theory are induced. 



We then use the equations of motion given by (5.1) to find the relations among the 



components of the fluxes, the metric, the dilaton, and the spinor parameter u, 
H + e p_T "* v!) r 2 e 2Q csch u (dip A dp 1 A dp 2 + dip A d(p 3 A dtp. 

W- — tr2 o 2 Q „„„V, n, r.,1 ( A+ A Am. A Am„J-A+ A Am- A Am A 



(-£+« 



ii 3 = r 2 e 2Q sech w w' (dt A rf(^i A d<^ 2 + dt A dp 3 A c^ 4 ) , 

dip 1 A rf(y9 2 A rf<y9 3 A dp 4 



F 5 = (-£ + 2 e p ~ r - $ «') r 4 e 2 « # A 

+ (f - 2 e p - T - # u') e 4A+T " p d'x A dt, 
■' = — 7T- e T_p+ * coth it + csch u sech it it', 

Z7T ' 

i T ~ p+<J> coth it + | coth it it', 



$' = 



A' = ~§e 



Q' = — | tanhitit', 



v A P T-P+S> CQth w _ 1 CQth u u /_ 



47T 



(6.3) 



Imposing the Bianchi identity 



dF 3 = -iq A # 3 or dF 5 = H 3 A F 3 



(6.4) 



we have 



w' = — e + cosh 2 it. 

2tt 



(6.5) 



With one of the identities in (6.4) imposed, the other is automatically satisfied. Moreover, 



using (6.5)) in the $' equation in (6.3) leads to a constant dilaton and we set 



e = g s - 



(6.6) 
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Using the equation for Q' and putting (6.5) in the equations for P' and Q' in (6.5), we obtain 



2Q 2P -2A i 

i w = e = e = sech 



u. 



(6.7) 



The fluxes can similarly be written down in terms of u using (6.5) and (6.7) in (6.3), and 
all fluxes are summarized below. 



F x 



2vr 



F 3 = ^- r 2 tanh u (dtp A dipi A dip 2 + dtp A dips A dip 4) 



H 3 = ^r 2 e T -\/cosh u (dt A dip x A dcp 2 + dt A dcp 3 A efy> 4 ) 
F& = 2^ r s (•'■"'" t an h 2 w) rf^ A d</?i A <iy9 2 A rf<y9 3 A dip 4 
— ^-e T cosh 2m cosh 2 u d 4 x A (it. 

Z7T 



(6.8) 



Notice that the H 3 flux is closed, H 3 = dB 2 , and the B 2 potential is given by 



B 2 = r 2 tanhw (dipt A dip 2 + dips A ^4) 



(6.9) 



Thus all components of the fluxes and the metric are expressed in terms of u and T. The 
only component of the metric that is not yet determined in terms of u is T, which multiplies 
dt 2 and determines the definition of the radial coordinate, and we do that in the next section. 

7 Bosonic supergravity equations of motion 

In this section we determine T in term of u and verify that the solutions solve all bosonic 
supergravity equations. We work in the string frame. Upper case indices M, N ■ ■ ■ represent 
the coordinates of the 10D spacetime, the Greek letters w, v ■ ■ ■ represent the coordinates 
of the 4D spacetime, and lower case indices m, n ■ ■ ■ represent the coordinates of the extra 
6D space. 

The equation from the variation of the type IIB supergravity action, which can be written 
with the self-duality of the 5-form flux additionally imposed, with respect to the dilaton is 



%/=G 



d 



M 



(V^G. 



- 2 *G MN d N $ 



1 , 1 - 1 

-F 2 F 2 + — e" 

8 x 96 3 96 



™Hl 



(7.1) 
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The equations from the variation of the action with respect to the metric are 



\e?*d M C d N C + ± [ 



Rmn = -4d M <f>d N ® + -e?*d M C d N C + -{H 3 ) MOP {H 3 ) N OP 



+je (F 3 ) MO p(F 3 ) N + —e (F 5 ) m opqr(F 5 ) n 

-G MN (-H 2 + -e 2 *F 3 2 + — e 2 *F 2 ), (7.2) 

MNK 48 3 48 3 960 5h K J 

where Gmn represent components of the metric and e* = g s in our case. 

Because we know all the metric and the flux components in term of u and T, it is 



straightforward to write the right hand sides of (7.1) and (7.2) in terms of u and T using 



(6.6)-(6.8). Our notation is such that the 10D volume element is 



vol = r 6 s e 4A+T + p+4< 3 dx° A dx 1 A dx 2 A dx 3 A dt A dip A dip x A d<p 2 A dip 3 A d(p 4 (7.3) 

and the inner product of a p-form u p = -^(uj p )m 1 ...m p dx Ml A • • ■ A dx Mp and its Hodge star 
in 10D satisfy 

u p A *i Up = — (w p )Mi...Mp(wp) Afl "' , ' Mp vol = — u 2 } vol. (7.4) 

The magnitudes of the fluxes are 

F 2 = £ (£) 2 cosh M , F 2 = if (g ) 2 sinh 2 M coshu, , 

HI = m 9 -^) 2 cosh 3 u, F 2 = 0. (7.5) 

The components of the Ricci tensor are 



1 / AT\ 2 

R uu = -. — o I — — ) cosh2w coshw (l — e 2T cosh 2m coshw) G, 



( il ] (9. - rn^h 9.m\ msb 3 

2r? V 2tt 



R tt = JTT ^— (2 -cosh 2m) cosh d «G ti , 



s 



2 



1 /# s iV . 

I I nnsri 9?; nnsr 

2r? V 2tt 



fim'»' = 7r-j\-7r-) cosh 2m cosh 3 ?jG m / n /, (7.6) 



where m' and n' run over the angular coordinates. 

Noticing that 2 A' + 2Q' = $' = and P' = Q' = —A', the components of the Ricci tensor 



can also be calculated in terms of A and T directly using the metric given by (4.1), and the 



14 



components are 



■ft [iv timri _ J- -22V All A/2 rpl ai\ 

^ [iv KJ mn' ' s 

Ru = - 2 e- 2T {A!'-9A' 2 -T'A!)G tt . (7.7) 

s 



Using (7.6) and (7.7), we determine T in terms of u, 

e 2T = (1 + 2 sech 2u) sech u. (7.8) 

At this point all metric and flux components are expressed in terms of a single variable 
u and it is straightforward to verify that the solutions indeed solve all the supergravity 
equations. Notice that all components of the solutions, except T which sets the definition of 
the radial coordinate, were obtained from the supersymmetry equations of motion with the 
Bianchi identities imposed on them. 



For completeness, the right hand side of (7.1) vanishes and the dilaton is constant. The 



left hand side of (7.2) obtained using the metric and given by (7.7) and the right hand side 



obtained using the fluxes and given by (7.6) are identical for each and every component. 



We have already imposed the Bianchi identities dF 3 = — iq A H 3 and dF$ = H3 A F3. The 
remaining equations are 

d *i„ (e 2 *iq) = -e 2 *# 3 A * 10 F 3 , d Mo (e 2$ F 3 ) = F 5 A H 3 , 

d* 10 (#3 - e 2 *Q,F 3 ) = -e 2 *F 5 A F 3 . (7.9) 

Both sides of the first two equations vanish and the solutions also satisfy the last equation 
in (7.9) with both the left and the right hand sides being equal to r 2 (%^) 2 a/1 + 2 sech 1u 



cosh2usmhu(dx°Adx 1 Adx 2 Adx 3 AdtAd'ijjAdipiAdip2+dx Adx 1 Adx 2 Adx 3 AdtAd'ijjAdip 3 Adip4 : ). 
Thus the solutions solve each and every one of all supergravity equations]]] 

8 Radial coordinate 

Now we establish the relation between the variable u in terms of which the supergravity 
solutions are expressed and the radial coordinate r that describes actual distances on R 1 . 



1 This also provides a nontrivial check on the correctness of the equations of motion we wrote in |12j with 
all flux and torsion components in the subtle 3 © 3 sector turned on. 



15 



First we rewrite the metric (4.1) using (6.7) and (7.8), 



ds\ = coshudx\ z + r 2 sech u ( (1 + 2 sech 2m) dt 2 
-\-dip 2 + d(ff + dcpl + d(pl + dip 2 J . 



The radial coordinate r is defined by 



3dr 



Vl + 2 sech 2m dt. 



(8.2) 



We know the relation between u and t from (6.5) which with (6.6), (6.7), and (7.8) gives 



tanhw = ln( — ) = p. 

2tt r„ 2ir 



1.3) 



Notice that the range of r is finite with 



7% < r < r q e 3 as 



■i) 



and the background geometry is compact. 



9 Summary of solutions 



In this section the complete set of supergravity solutions obtained in sections [6](8] for the 
background of the 4D gauge theory are summarized in one place for convenience and some 
of their features are analyzed. The metric is 



dsl = coshudxl 3 + r 2 sech u ( (1 + 2 sech 2m) dt 2 
+dip 2 + dcpf + dcpl + d(pl + dcp 2 ) . 



(9.1) 



The dilaton is constant, 



e = g a 



(9.2) 
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The fluxes are 

N 



F 1 = £#, 
F 3 = ^- r 2 tanh u {dip A dfi A d(p 2 + dip A d<p 3 A d^) , 

i 



H 3 = S±K r 2 s v / l + 2cosh2w (d£ A d^i A dy2 2 + d£ A d<p 3 A d<^ 4 
F 5 = H r 4 (l + tanh 2 u) dip A d<£>i A d<£> 2 A dtp 3 A d^ 4 
-£ VI + 2 cosh 2u cosh 2m cosh 2 u d 4 x A dt. (9.3) 

Notice that the only R-R flux that is closed is F\ as it is the only one that is directly sourced 
by the D7-branes, the others are induced by the backreaction of the background and satisfy 
the Bianchi identities. 

The variable u is related to the radial coordinate r by tanh-u = -y— ln(— ) = %^~ p, 
< p < -^ and < w < oo. The volume element in 10D is rj? sech u yl + 2 sech 2u dx° A 
dx 1 A dx 2 A dx 3 A dt A dip A d(fii A dip 2 A dip 3 A d(p±, which is finite and nonzero at p = and 
vanishes at p = - 2j ^. The background is compact and the volume coming from the extra 
space is finite. In terms of the radial coordinate r, r s < r < r&, where r& = r s e 3 9t> N . The 
range of r is smaller for larger g s N. We call the boundary at r = r s the IR boundary and 
that at r = r& the UV boundary in anticipation of their relation to the energy scale in the 
gauge theory. At the UV boundary, u = oo, the warp factor on R 1,3 is infinite and the radius 
of S 1 x y~ x y~ vanishes and we have 4D spacetime. Notice that the compactness of the extra 
dimensional space comes with a singularity at the UV boundary. The region of interest to 
us is the IR region, and supergravity flow is smooth in the IR. The radius of S 1 x ^- x ^~ 
is largest in the IR and equals r s at the IR boundary. 

The complex coordinates on C 1 and the two T 2 's discussed in section |4] can be written 
as z 1 = (^) 3 e { * = e p+i ^, z 2 = ip x + i<p 2 , and z 3 = cp 3 + i^. All the F u F 3 , F 5 , and H 3 fluxes 
transform with charges (+, +, +) for (g x , g 2 , g 3 ) under Z 2 x Z 2 x Z 2 and the supergravity 
relations obey the discrete orbifold symmetry. 



The metric on R 1 ' 3 x |j- x ^- x ^- given by (9.1) is rewritten in terms of the radial 
coordinate r as 

/ dr 2 \ 

ds\ = coshudxl 3 + r 2 sech u ( 9 — — + dip 2 + dip\ + dip\ + dip\ + dip\ ) , (9.4) 






where 



-ch»=^/l-(^ = Jl-(^ln(^. (9.5) 
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Rs 




r 



(a) Radius of S 1 x f- x £-. 




3 4 5 6 

(b) Warp factor. 



r 



Figure 2: Radius and warp factor for g s N = 1. The range of r and the region where the 
curvature is nearly constant can be made larger by taking smaller g s N. 

The compactified 6D space is complex, non-Kahler, and conformally Calabi-Yaujj One way 
to see that is to note that the torsion components have the relation 3W^ = 2W§ with the 
other components vanishing. 

The metric is smooth at the IR boundary p = (or r = r s ). The singularity at p = 
in the background of the unwrapped D7-branes is removed by the fluxes that are induced 
when the D7-branes are wrapped over the 4-cycle. 

The worldvolume element of D7-branes at r is dVo7 = rf d A x dtpi d(fi2 d(p^ dtp^ which is 
independent of r, and the wrapped D7-branes stay put at r = r s . Where on S 1 the D7-branes 



are located is related to chiral symmetry breaking which will be discussed in section [13} The 
radius of S 1 x ^~ 



x 1^ at p is R 5 



Figure 



2a 



sV / ^ch^ = r s (l-(^p) 2 )i. 
shows the radius of S 1 x ^- x ^- and Figure 2b shows the warp factor on the 4D 



z 2 



2 We pointed out in [12] that flows on conformally Calabi-Yau backgrounds with nonzero components 
of F 3 and H 3 fluxes in the 6 © 6 representation have constant axion-dilaton coupling. Here, the 3-form 
fluxes are all nonprimitive, all nonzero flux and torsion components are in the 3 © 3 representation, and the 
axion-dilaton coupling is not constant. 




Unwrapped 
D7-branes 



r = T{, 



K 1 




Wrapped 
D7-branes 



(a) Background geometry of 8D gauge theory. (b) Background geometry of 4D gauge theory. 

Figure 3: Schematic representation of the background geometry. 



spacetime, both plotted using (9.5) for the 't Hooft coupling at the UV boundary g s N = 1. 
The UV boundary is at r = e^ r s w 8 r s . The range of r and the region where the curvature 
is nearly constant can be made larger by taking smaller g s N. For instance, the UV boundary 
is located at r w 66 r s for g s N = 0.5 and at r « 1.2 x 10 9 r s for g s N = 0.1. 



10 Background geometry in diagrams 

Diagrams that show a schematic representation of the background geometry are given in 



Figure [3] with R 1 parameterized by r. Figure 3a schematically shows the background geom- 
etry of the 8D gauge theory with unwrapped D7-branes which fill flat 8D spacetime R 1,7 at 
the singularity point of the |j- cone at r = 0. The F\ flux and the dilaton are turned on with 
the F\ flux wrapping around S 1 and the string coupling e* diverging at r = r s . The metric 
on R 1 x S 1 is warped by a factor of e 2H = p, which vanishes with S 1 having zero-size and 
spacetime being 8D at r = r s or p = 0, and the physical region of the supergravity flow is 
cutoff to r > r s . The range of ip on S 1 in our normalization is [0, 2tt]; an independent region 
of [0, 7r] can be chosen with the boundary condition ip ~ ip + it imposed. 



The D7-branes at the singularity are then wrapped over 4- x -|- of radius r = r a while 



Z2 Z2 
filling flat 4D spacetime R 1,3 . Now all F 1; F 3 , H 3 , and F 5 fluxes are turned on and the 

metric on S 1 x ^- x ^- is warped by a factor of sech u 

is finite at r = r s and S 1 is blown- up, and vanishes at r 

r? x t^ 
Z2 Z2 



log(^)) 2 , which 



n 



r s e 3 Qs N . Spacetime is 



R 1,3 x S 1 x %- x -|- and the background geometry has largest size at the IR boundary at 
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r = r s . At the UV boundary at r = r&, S 1 x 






x 



Z, 



is warped to zero-size and spacetime 
is 4D. Figure 3b schematically shows the background geometry of the 4D gauge theory with 
wrapped D7-branes. 

Notice that what we have here is different from standard geometric transitions such as 
in [1] and [5] where cycles wrapped by branes are blown-down, the branes disappear, and 
other cycles are blown-up by fluxes. Here the 4-cycle on ^- x ^- that is wrapped by the 
D7-branes at the singularity point on the background of the unwrapped D7-branes has not 
disappeared and S 1 is blown-up by flux, and both the 4-cycle and S 1 are warped to zero-size 
at the UV boundary. The singularity at p = before the D7-branes are wrapped and the 
singularities at the fixed points of the -§- x -§- orbifold are smoothed out by flux, since the 
fluxes have nonzero components through them. There is one singularity located at the UV 
boundary in the final geometry where S 1 x y- x %- is warped to zero-size. 



11 Four-dimensional gauge coupling 



The action for the 4D gauge theory that lives on the D7-branes wrapped over the 4-cycle at 



t — is, using the metric given by (9.1), 



& 



T y 4 / (Pxyf^jg^grtF^Fri 



(11.1) 



where g^ u is the metric, F^ is the Yang-Mills field strength, and x 1 * are the coordinates on 
R 1 ' 3 , V4 is the volume of the 4-cycle, and g 8 is given by (3.6). The gauge coupling of the 4D 



gauge theory on the wrapped D7-branes is related to the gauge coupling of the 8D gauge 
theory on the unwrapped D7-branes and the volume of the wrapped 4-cycle at t — and, 



using (3.6) and (9.4) 



An 47T, 



■Vt 



3N 



log( 






Now we identify 



04 9l Ta 2tt "V/ a' 2 ' 



a 



(11.2) 



;n.3) 



the only independent parameter of the string theory, a', is identified with the only dimen- 



sionful parameter in the gravity background we have constructed here, r s . With this, (11.2) 
reduces to 



4tt 3N , . r 
-j = — logf- 



</I 



2n 



r. s 



Np 
~2n' 



11.4) 



Notice that % = e*, the string coupling in the background of the 8D gauge theory. The 

9a. 
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background before the branes are wrapped has induced a running dilaton in addition to the 
Fi flux and the background with wrapped branes has constant dilaton with all fluxes of type 
IIB theory induced. The gauge coupling of the 4D gauge theory on the wrapped D7-branes 
inherits the running dilaton from the background before the branes are wrapped. 

The 3- form fluxes summarized in section [9] do not form imaginary self-dual or imaginary 
anti-self-dual combination. Now we notice that the 3-from fluxes in the background of the 4D 
gauge theory with the running of the dilaton inherited from the background of unwrapped 
branes actually form an imaginary anti-self-dual combination. Consider the combination 
of 3-form fluxes G3 = F 3 — - tajahuH 3 . Taking the Hodge star, we have *6^3 — ~iGz- 
Therefore, G3 is imaginary anti-self-dual, where G3 has the standard form of anti-self-dual 
3-form flux F% — i e~* H3 with g s e~* = tanh u = %j— ^ in our notation, where $ is the dilaton 



in the background of the 8D gauge theory on the unwrapped D7-branes given by (3.5). 

Next we need to find the relation between the scale of the gauge theory, A, and the radial 
coordinate in the gravity theory, r. We do that, following p], by considering the energy of 
a string that is stretched between the D7-branes at the IR boundary at r = r s and probe 
branes at some r between the IR and the UV boundaries. We are interested in the energy of 
the string in static configuration at time X° — > 00 and we parameterize the string worldsheet 
in terms of <j° = x° and a 1 = r. The worldvolume action of the string, using the metric 



given by (9.4), with all spacetime intervals (including those involving 4D spacetime and r) 



in this paragraph measured in units of r s = \[ot! is 

1 f X® 

S 2 = t^— / da da 1 Vdet G MN d a X M d b X N = — In r 3 , (11.5) 

ZTCa J Z7T 

where a and b are indices for the coordinates on the two-dimensional string worldsheet. 
Thus the r dependence of the energy of the string is, putting r s back, 

£~1*(£) (H-6) 

which is similar to the A dependence of the Veneziano-Yankielowicz superpotential if we map 
the scale of the gauge theory and the radial coordinate in the gravity theory as 

A r , 

Notice that A s ~ r s ; the only dimensionful parameter in the gauge theory, the nonper- 
turbative scale A s , is mapped to the only dimensionful parameter in the gravity theory, the 
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radius r s of S 1 x f- x f- at the IR boundary. With (ll.7|), (|ll.4 becomes ^ = f^ log 



•^2 -^2 



VI 



which reproduces the renormalization group flow of the 4D gauge coupling given by (2.3). 

We can also see the appearance of the dimensionful parameter in 4D (or the dimensional 
transmutation of the gauge coupling) in the gravity theory by rescaling the metric given by 
(9.4) such that sech u — > seC 2 - which gives 

' s 

( dr 2 9 \ 

ds\ Q = r 2 coshudxl 3 + sech u I 9 — ^- + d-ip 2 + dcp 2 + dtpl + dip\ + dtpl ) . (11.8) 

Thus r s sets the mass scale for an observer in 4D and A s ~ r s . 

12 Analysis of couplings and curvature 

In this section we analyze the magnitudes of the string, the gauge, and the 't Hooft cou- 
plings and the curvature of the compact space and discuss the validity of the supergravity 
description of the string theory. 

The 't Hooft coupling, ^— = e*iV, is the parameter which determines whether the 
gauge theory is perturbative or nonperturbative. For e*iV < 1, perturbative gauge theory is 
applicable. When e®N » 1, the gauge theory is highly nonperturbative, and our interest is 
in a gravity description of the 4D gauge theory in this region. The magnitude of the string 
coupling, e*, determines whether quantum loop corrections to the classical supergravity are 
necessary or negligible. When the curvature of the background is large (> -7=7), «' corrections 
to the supergravity description are relevant. When N >> 1, only 't Hooft's ribbon Feynman 
graphs on a sphere (planar diagrams) are relevant. When both e*iV and iV are large, we have 
planar ribbon graphs which become dense at higher order in e®N and which are expected 
to correspond to string worldsheets in the string theory. 

In our case, first the constant string coupling in the background of the 4D gauge theory, 
which corresponds to the string coupling at p = -^ in the background of the 8D gauge 
theory, can be taken to be small, g s << 1, such that string loop corrections are small. The 
magnitude of the string coupling in the background of the 8D gauge theory which is also 
inherited by the 4D gauge theory is e* = j^- and g s < e # < 1 for ^ < p < -^ which 
covers the whole range of p for iV — > 00. Because the gauge coupling diverges at p = the 
supergravity flow requires a regularization with an IR cutoff at some p = p > 0, see [T7j for 
further discussion. At p > po ^ 0, e* has maximum value of -^-, and we can make e* << 1 
by making N appropriately large. Thus string loop corrections are small for the whole range 
of p for large N. The 't Hooft coupling is — > g s N for the range of p we have here and its 
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value is smallest and equals g s N at the UV boundary. Notice that the 't Hooft coupling is 
always large (>> 1) in the region of interest in the IR. 

Next let us analyze the magnitude of the curvature, which we can do by looking at the 



components of the Ricci tensor given by (7.6). The Ricci scalar is R = \{^— ) 2 cosh 



,3, 



Z7T 



\m—) 2 1 — ^ 3~- The curvature depends on the location on the radial direction. 

All components of the Ricci tensor are small, << ^y, in the IR region for ^- « 1. Recall 
that g s N is the 't Hooft coupling at the UV boundary which can be made very small. Thus 
the curvature is small in the IR region where the gauge theory is strongly is coupled and 
a dual gravity description is useful. The reason we have managed to get small curvature is 
because the range of the radial direction is inversely related to the magnitude of the 't Hooft 
coupling at the UV boundary. The curvature becomes large near the UV boundary and 
diverges at the boundary where the value of g s N can be chosen such that the appropriate 

2-7T 

description is the gauge theory. The range of the radial direction is r s < r < r s e 3 9» N and 
its size is Ar = (e 3 ^^ — l)r s > rs = ya' for g s N < ^^ ~ 3. For instance, for g s N « 1, 
Ar rj 7r s . The magnitude of Ar can be made large by taking g s N small and becomes 
infinite for g s N = 0; it is smaller for larger g s N, since the strength of gauge coupling 
running increases and the theory flows faster to a region where the gauge theory is weakly 
coupled. A choice of g s N « 1 or smaller provides a UV cutoff beyond which perturbative 
gauge theory description is appropriate. In the IR region away from the UV boundary, where 
the 't Hooft coupling is large and the curvature is smallest, the classical gravity description is 
appropriate. This is different from previous constructions of gauge/gravity duality, including 
PQ HI E] , where the curvature is smaller for larger 't Hooft coupling and the space transverse 
to the radial direction vanishes as g s N —¥ 0. The curvature is constant in [1] and it is largest 
in the IR and gets smaller in the UV in |3] and [5j- 

Now let us consider a quark and an antiquark located at the UV boundary or at some 
other r in 4D with a string between them. As it can be seen from the metric, and it is 
discussed further in [17], the string is stretched toward the IR boundary and the tension of 
the string at the location of the wrapped D7-branes at r = r s is T s ~ ^2 = ^y • This is the 
string tension that is seen by a 4D observer. KK modes and glueballs on S 1 x ^- x ^- at the 
IR boundary where r = r s come with mass of magnitude m^ K > \ = ^7. Thus the string 
tension is of the same order and smaller than the square of KK or glueball masses. Because 
the compactified space contains only product of S^s, a truncation of the KK spectrum to 
the zero-modes is consistent. For contrast, the string tension is much bigger than the KK 
masses in previous gauge/gravity constructions, such as in [I] and |5J, with larger separation 
for larger 't Hooft coupling. That is because the tension measured by a 4D observer increases 
with increasing magnitude of warp factor while the KK masses decrease with increasing size 
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of internal space. 

The Ricci scalar is positive and the 10D spacetime is positively curved. The components 
of the Ricci tensor in the 4D space are R^ v = jl^^— ) 2 cosh2w cosh 2 w(l — (1 + 2sech 2u) 
cosh.2u)rj flll , where r]^ u is flat Minkowski metric. The magnitude of the components is nega- 
tive for the whole range and R^ = — ^ (%r) V^ a ^ the IR boundary. Thus the warp factor 
results in a negatively curved 4D spacetime. The components in the extra dimensional space 
are positive with R mn = ^ (%r) G mn at the IR boundary. The volume of the 10D space- 



time follows from the metric given by (3.2 ), V w = V 4 r e s (2vr) 5 J 3sN Jl - (^f p) 2 dp = V A V t 



where V4 is the volume of the 4D spacetime and V§ = ^^r® = l^a' 3 is the volume coming 
from the extra dimensional compact space. Thus V$ » a' 3 for g s N « 167r 7 and it is finite. 
A small and finite Newton's constant in 4D can be obtained from a large one in 10D with 
appropriately small g s N which gives large Vq. 

The curvature of the background of the 8D gauge theory on the unwrapped D7-branes is 
large in the IR region near r = r s . However, the only quantity in the background of the 4D 
gauge theory that is inherited from the 8D gauge theory background is the gauge coupling 
which agrees with the exact nonperturbative gauge coupling running of the gauge theory. 
Therefore, we do not expect a' corrections to modify it. 

Spacetime is effectively 4D for an observer in R 1,3 who measures interactions between 
particles (say quarks) separated by a distance >> r s on R 1 ' 3 . 

In conclusion, the background is such that the classical supergravity limit of the string 
theory with appropriately large N and small g s N accommodates physically interesting and 
radially varying 't Hooft coupling that is large, the gauge theory is strongly coupled, and 
the curvature is small in the IR region where a dual gravity description is useful. 



13 Chiral symmetry breaking 

The U(l) R-symmetry corresponds to rotations on S 1 in the internal space normal to the 



D7-branes, which shift ip by a real number. With the axion potential given by (3.3), we 
see that the coordinate ip in the gravity theory is mapped to the Yang-Mills angle O in the 
gauge theory as 

Nip = e. (13.1) 

Notice that the 4D gauge coupling and the Yang-Mills angle combine into the coupling 

coefficient 

4m G N ,. ,. 

r=— + — = — (*p + V , 13.2 

g\ 2n 2n 
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which is anti-holomorphic function, with z l = p — iif> in our notation. Worldsheet instantons 
wrapping -§- x ^- give phase © and the U(l) symmetry is anomalous. Because Nip ~ Nip + n 
in the |j- orbifold, there is a reduced anomaly- free discrete Z 2 n symmetry, ip — > ip + |^, 
k — 1, 2, • • • , 2N, that survives. This is the same as the anomaly-free Z 2 n R-symmetry of 
quantum gauge theory. 

The Z 2 symmetry in the |j- orbifold involves ip ~ if) + n which reduces the Z 2 n symmetry 
down to Z 2 giving rise to iV discrete vacua. The N discrete vacua are represented by 
■0m — ^fp5 with m = 0, ••• ,N — 1, or the corresponding discrete values for the axion 
potential (Co) m = m. Thus the gravity theory reproduces the pattern of chiral symmetry 
breaking of the gauge theory. We also conclude that one D7-brane is located between each 
vacua on S 1 at p = 0. For large N, the distance between the branes is small and a 4D 
observer who measures low-energy interactions on R 1,3 sees a stack of iV D7-branes and 
SU(N) gauge theory. 

In the gauge theory, the different vacua arise due to gaugino condensation and it is 
believed that domain walls that separate the vacua exist in the IR, but not in the UV. This 
is consistent with the background we have here as separate vacua sit at distinct values of if) 
on S 1 which has largest size at the IR boundary, and S 1 gets smaller and becomes of zero-size 
at the UV boundary. 



14 Discussion 

The gravity theory involves simple analytic expressions for all components of the metric and 
the fluxes and reproduces key features of the gauge theory, its symmetries, renormalization 
group flow, and chiral symmetry breaking. The gravity background has a number of inter- 
esting features. The geometry is compact and the internal space normal to the D7-branes 
is S 1 at the IR boundary and spacetime is 4D at the UV boundary, consistent with the 
symmetries of the gauge theory and the radius of S 1 is set by the nonperturbative scale of 
the gauge theory. The compactness also provides a setting with well-defined vacuum and 
accommodates obtaining small nonzero gravitational constant in 4D from a large one in 10D. 
The background geometry does not need to be glued to other backgrounds. The curvature 
of the compact space is small and the supergravity flow is smooth in the IR region where 
the gauge theory is strongly coupled and a dual gravity description is useful. The range of 
the radial direction on R 1 gets smaller for larger g s N, consistent with the strength of gauge 
coupling running in the gauge theory. The scale of string tension for an observer in 4D is 
of the same order and smaller than the scale of KK and glueball masses, which is useful 
for studying mass spectra in the gauge theory using the gravity theory. The UV boundary 
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provides a convenient setting for putting quarks and antiquarks and a UV cutoff to the 
gravity theory, with appropriate choice of g s N, beyond which the gauge gravity description 
is appropriate. The classical supergravity description accommodates a range of physically 
interesting 't Hooft coupling. 

Our objective in this paper was to produce the most basic features of the pure gauge 
theory within a simple setting of the gravity theory. It will be interesting to study additional 
features, implications, and tests of the gravity theory and the proposed correspondence. 



The warp factor on the 4D spacetime in the metric given by (9.4) is nonzero everywhere 
and increases with increasing r. One measure of confinement is the area enclosed by a Wilson 
loop [16J. It follows from the metric that the area bounded by a Wilson loop in 4D spacetime 
at some r > r s is minimized for a surface stretched and bent toward r = r s , the warp factor 
is nonzero and finite there, and the background leads to confinement. The specifics of 
confinement are presented in a separate paper jTTj , since the result is quite interesting on its 
own and the crucial component of the supergravity background used is the metric. 

Glueball mass spectra can be computed by studying metric and flux fluctuations on the 
explicit background. 

Because the gravity theory contains crucial features of the nonsupersymmetric strong 
nuclear interactions, gauge coupling running, chiral symmetry breaking, and confinement, it 
might provide a setting for exploring nonperturbative phenomena in QCD. 

The metric might also be useful for exploring a supergravity implementation of [18] by 
generating a hierarchy of scales between probe branes at (or near) the UV boundary as hidden 
branes and the wrapped D7-branes at the IR boundary as visible branes in a compact extra 
dimensional space stabilized by a balance between fluxes and torsion. 

In addition, the structure of the metric is such that the warp factor can be made nearly 
flat for a wide range of radial supergravity flow when g s N is small and may be useful for 
modeling inflationary scenarios of the early universe. 

We would also like to point out that the supersymmetry equations of motion together 
with a physically motivated flux and/or metric provide a powerful approach to constructing 
interesting supergravity backgrounds systematically. 

The magnitude of the 't Hooft coupling varies along the radial supergravity flow. It 
is large near the IR boundary and becomes smaller as the theory flows toward the UV 
boundary. The value of the 't Hooft coupling at the UV boundary, g s N, can be chosen to be 
small such that perturbative gauge theory is the appropriate description in the region close 
to it. Because the supergravity flow between the IR and the UV boundaries is smooth, it 
may be possible to find a common region where both the gauge theory description and the 
gravity description, perhaps supplemented by a' corrections, could be studied and compared 
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for a direct test of the gauge/gravity duality. 

Finally, for a gauge/gravity duality to be useful for studying glueball and hadron mass 
spectra, it seems to us that the scale of string tension measured by a 4D observer needs to 
be of the same order as the scale of KK masses. Previous gauge/gravity constructions have 
large gap between the scales with the scale of string tension being much bigger than the scale 
of KK masses. The scale of KK masses in the IR is of the same order and bigger than the 
scale of string tension here, which is an appropriate feature for studying mass spectra in the 
gauge theory using the gravity theory, and it was obtained on a compact background that 
has small curvature in the IR. This was possible because the 't Hooft coupling is large in the 
IR independent of a', the value of the radial coordinate and the size of the compact space 
at the IR boundary are set by the nonperturbative scale of the gauge theory, and smaller 
curvature in the IR is obtained with a larger range in the radial direction which corresponds 
to smaller 't Hooft coupling at the UV boundary. From the gauge theory point of view, this 
is because it takes a flow along a wider range of scales to get form large 't Hooft coupling 
at the IR boundary to a small one at the UV boundary. It will be interesting to investigate 
a' corrections to the supergravity description and their interpretations. The results in this 
paper and in [17] show that the classical supergravity description captures key features of 
the nonperturbative IR dynamics of the gauge theory. 

References 

[1] J. Maldacena, The large N limit of superconformal field theories and supergravity, Adv. 



Theor. Math. Phys. 2 (1998) 231-252, hep-th/9711200 



[2] S. S. Gubser, I. R. Klebanov, and A. M. Polyakov, Gauge theory correlators from non- 
critical string theory, Phys. Lett. B428 (1998) 105-114, [hep-th/9 802109|. 

[3] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253- 



291, hep-th/9802150 



[4] I. R. Klebanov and M. J. Strassler, Supergravity and a confining gauge theory: 
Duality cascades and chisb-resolution of naked singularities, JHEP 08 (2000) 052, 
|hep-th/0007191 . 



[5] J. M. Maldacena and C. Nunez, Towards the large n limit of pure n = 1 super yang 
mills, Phys. Rev. Lett. 86 (2001) 588-591, |hep-th/0008001| . 



27 



[6] D. J. Gross and F. Wilczek, ULTRAVIOLET BEHAVIOR OF NON-ABELIAN 
GAUGE THEORIES, Phys. Rev. Lett. 30 (1973) 1343-1346. 

[7] H. D. Politzer, RELIABLE PERTURB ATIVE RESULTS FOR STRONG INTERAC- 
TIONS?, Phys. Rev. Lett. 30 (1973) 1346-1349. 

G. 't Hooft, A planar diagram theory for strong interactions, Nucl. Phys. B72 (1974) 
461. 

[9] J. Polchinski, Dirichlet-branes and ramond-ramond charges, Phys. Rev. Lett. 75 (1995) 
4724-4727, [hep-th/9510017 . 



[10] S. S. Gubser, C. P. Herzog, and I. R. Klebanov, Symmetry breaking and axionic strings 



in the warped deformed conifold, JHEP 09 (2004) 036, hep-th/0405282 



[11] G. Hailu and S. H. H. Tye, Structures in the gauge / gravity duality cascade, JHEP 08 
(2007) 009, |hep-th/06 11353] . 

[12] G. Hailu, Type iib flows with n=l super symmetry, JHEP 10 (2007) 082, 
[arXiv: 0709 .3813 [hep-th]| . 

[13] M. Grana, R. Minasian, M. Petrini, and A. Tomasiello, Super symmetric backgrounds 
from generalized calabi-yau manifolds, JHEP 08 (2004) 046, [hep-th/0406137| . 

[14] A. Butti, M. Grana, R. Minasian, M. Petrini, and A. Zaffaroni, The baryonic branch 
of klebanov- strassler solution: A super symmetric family of su(3) structure backgrounds, 



JHEP 03 (2005) 069, |hep-th/0412187 



[15] G. Veneziano and S. Yankielowicz, An effective lagrangian for the pure n=l supersym- 
metric yang-mills theory, Phys. Lett. B113 (1982) 231. 

[16] K. G. Wilson, CONFINEMENT OF QUARKS, Phys. Rev. D10 (1974) 2445-2459. 

[17] G. Hailu, Linear confinement of quarks from supergravity, appears in a separate paper. 

[18] L. Randall and R. Sundrum, A large mass hierarchy from a small extra dimension, 
Phys. Rev. Lett. 83 (1999) 3370-3373, [hep-ph/9905221]. 



28 



